US-FT-7/00 

RUNHETC-2000-14 

hep-th/0004196 



Polynomial Invariants for Torus Knots 

o 

<N ■ and Topological Strings 



o 



J.M.F. Labastida" and Marcos Marino'' 



m 

>• ■ " Departamento de Fisica de Particulas 

0> ! Universidade de Santiago de Compostela 

I ! 

'sf ■ E- 15706 Santiago de Compostela, Spain 

o ■ 

O ' labasti@fpaxpl.usc.es 

o ■ 



b 



New High Energy Theory Center 



Q^' Rutgers University 

■ Piscataway, NJ 08855, USA 

marcosm@physics.rutgers. edu 

X' 

We make a precision test of a recently proposed conjecture relating Chern- Simons 
gauge theory to topological string theory on the resolution of the conifold. First, we 
develop a systematic procedure to extract string amplitudes from vacuum expectation 
values (vevs) of Wilson loops in Chern-Simons gauge theory, and then we evaluate these 
vevs in arbitrary irreducible representations of SU{N) for torus knots. We find complete 
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1. Introduction 

Ever since the Jones polynomial and its generalizations were discovered [0 , knot the- 
orists have been searching for an interpretation of the integers entering these polynomials. 
Though it seems rather natural to regard these polynomials as generating functions associ- 
ated to enumerative problems, no much progress has been achieved in this direction. One 
of the main goals of this paper is to point out that the situation has changed dramatically 
after the recent work by Ooguri and Vafa in 0. Based on their results, we will provide 
strong evidence to affirm that from the ordinary polynomial invariants associated to arbi- 
trary irreducible representations of the group SU{N) one can construct new ones whose 
integer coefficients can be interpreted as the solutions to specific enumerative problems in 
the context of string theory. Thus, in what regards to a picture of polynomial invariants as 
generating functions, these new polynomials are more fundamental than the ordinary ones. 
At the heart of this development is Chern-Simons gauge theory ^ and the relationship 
between large gauge theories and gravity in the light of the AdS/CFT correspondence 
(see for a review). 

The proposal of , which can be regarded as a simpler version of the AdS/CFT 
correspondence, relates Chern-Simons gauge theory on S"^ to topological string theory 



1 



whose target is the resolution of the conifold0. This proposal is very interesting from 
the point of view of knot theory and three-manifold topology, since it reformulates the 
invariants obtained in the context of Chern-Simons gauge theory in terms of invariants 
associated to topological strings and related to the counting of BPS states. In particular, 
in 1^ a generating function of vacuum expectation values (vevs) of Wilson loops was 
expressed in terms of certain integers counting the number of D2 branes ending on D4 
branes. This reformulation makes some predictions about the structure of Chern-Simons 
vevs and provides an interpretation for the integer coefficients of some related polynomial 
invariants. It was verified in that these predictions were true in the simple case of the 
unknot. 

One purpose of this paper is to make a precision test of the proposal of 0] for a 
wide class of nontrivial knots. As a preliminary step, we present a systematic procedure to 
extract from the vevs of Wilson loops a series of polynomials arising naturally in the context 
of topological strings. This is the content of equation (2.19) below. These polynomials, 
that we denotei by fn, are labeled by the irreducible representations, R, of SU{N), and 
according to the conjecture in they have a very precise structure dictated by the BPS 
content of the "dual" theory. We then test this conjecture with actual computations in 
Chern-Simons gauge theory. 

The technical challenge associated to the conjecture in , on the Chern-Simons side, is 
that it involves vevs of Wilson loops in arbitrary irreducible representations of SU{N), with 
generic. For the fundamental representation, the vevs are related (up to a normalization) 
to the HOMFLY polynomial . Not much is known about these vevs for other irreducible 
representations, except in the case of SU (2), where they are related to the Akutsu-Wadati 
polynomials (for a review, see |T^). There are also some sample computations for a few 
knots in for representations of SU{N) with only one row in their Young diagrami. 
However, in the case of torus knots, one can compute these vevs using the formalism of knot 
operators introduced in [|16[. Knot operators were used in [1^] |jT^ to compute the 

vevs of Wilson loops for torus knots and links in the fundamental representations of SU{N) 



^ The relation between Chern-Simons gauge theory and string theory has been addressed 
also in [§[^|1C]. The connection between Chern-Simons and topological open string theory was 
discovered by Witten in |11]. 

^ Though we will refer to the /_r as polynomials, they are not. They are polynomials up to a 
common factor as stated in (2.8) and (4.22). 

^ There are also a few computations in [ plsf for the gauge group SU{3). 
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and SO{N), and in arbitrary irreducible representations of SU{2). The computation of 
vevs for torus knots in arbitrary irreducible representations of SU (N) , as needed to test the 
conjecture of 0, is technically difficult, but fortunately many of the intermediate results 
were already obtained in [^. This leads to a general formula for these vevs, which can 
be found in (3.29) below. Despite its intimidating aspect, it is not difficult to implement 
it in a computer routine to obtain the vevs for any torus knot. The equation (3.29) is 
of course a result interesting in its own, and we hope that it will be helpful in exploring 
the generalizations of the HOMFLY polynomial to arbitrary irreducible representations of 
SU{N). 

Using the general formula (3.29), we will test the conjecture presented in ^ for some 
nontrivial knots. We will find that, in all the examples that we have checked, the polyno- 
mials fn have in fact the structure predicted by 0. This is a highly nontrivial fact from 
the point of view of Cher n- Simons gauge theory, and we regard it as a strong evidence for 
the duality advocated in 

There are in fact two different predictions in 0] , which are in a sense complementary. 
The first one predicts the structure of the polynomials fu, it is based on a target space 
interpretation, and it is nonperturbative. The second one is perturbative and it is based 



on the worldsheet interpretation of the Chern-Simons vevs presented in [11]. These two 
predictions are related in a very interesting way. More precisely, it turns out that the 
perturbative structure of the free energy of the open string gives some "sum rules" on the 
integers that count BPS configurations. We have also found complete agreement with the 
perturbative prediction in all the examples that we have checked. 

The paper is organized as follows: in section 2, we describe the conjecture presented 
in ref. 0] , which expresses a generating functional of Chern-Simons gauge theory in terms 
of certain polynomials f^. We extract from the conjecture a "master equation" which 
allows us to obtain these functions from usual vevs in Chern-Simons gauge theory through 
a recursive procedure. In section 3, we obtain a general formula for the vevs of torus knots 
in arbitrary irreducible representations of SU{N). This section contains the arguments 
leading to formula (3.29), which are independent of the rest of the paper. It could be 
skipped in a first reading. In section 4, we use formula (3.29) to obtain some of the 
polynomials Jr, taking as an example the right-handed trefoil knot. The results are in 
full agreement with the conjecture of 0]. In section 5 we show that the perturbative 
point of view gives some nontrivial constraints among the integer invariants that appear 
in the polynomials fn, and we also show that the connected vevs of Chern-Simons have 
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the structure dictated by these constraints. FinaUy, in section 6, we conclude with some 
comments and open problems. An appendix collects the expressions of for the right- 
handed trefoil knot for all irreducible representations of SU (N) whose associated Young 
Tableaux contains four boxes. 



2. Extracting string amplitudes from Chern-Simons gauge theory 

We first recall some basic aspects of Chern-Simons gauge theory, mainly to fix our 
notation. Chern-Simons gauge theory is a topological gauge theory whose action is, 

S = —[ Tr(AAdA + -AAAAA), (2.1) 
An Jj^ \ 3 / 

where A is a gauge connection on some vector bundle over a three-manifold M, and k is 
the coupling constant. From the holonomy of the gauge field around a closed loop 7 in M, 

f/ = P exp J) A, (2.2) 

one can construct a natural class of topological observables, the gauge-invariant Wilson 
loop operators, which are given by 

W],iA) = Tr rU, (2.3) 

where R denotes an irreducible representation of SU{N). Some of the standard topological 
invariants that have been considered in the context of Chern-Simons gauge theory are vevs 
of products of these operators: 

{Wl\---Wll) = [m{j{W]l)e^^ (2.4) 

where Z[M) is the partition function of the theory. In this paper we will consider an 
enlarged set of operators which, to our knowledge, has not been studied from a Chern- 
Simons gauge theory point of view for non-trivial knots. These operators involve, besides 
the standard Wilson loops and their products, additional products with traces of powers of 
the holonomy ( |2.2| ). We will compute their vevs for the case of torus knots. In the process 
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we will derive a formula for the vevs of Wilson loops in arbitrary irreducible representations 
of the gauge group SU{N). The resulting vevs will be expressed in terms of the variable^, 



t = exp 



2ni 
k + N 



X = t^. (2.5) 



In order to make a precise test of the conjecture presented in ref. 0, we will consider 
the vev of the operator, 

oo ^ 

Z(C/,y) =exp[^-TrC/"Try"], (2.6) 

n=l ^ 

where U is the holonomy of the Chern-Simons SU{N) gauge field ( |2.2| ), and V is an SU{M) 
matrix that can be regarded as a source term. In this operator the trace is taken over the 
fundamental representation. In what follows, when no representation is indicated in a 
trace, it should be understood that it must be taken in the fundamental representation. 

The main conjecture of has two parts. First, it states that the vev of ( |2.6| ) can be 
written as, 

{Z{U, V))=e^v{Y.ll /«(^^ A")IV«— ) , (2.7) 

n=l R ^ 

where the sum over is a sum over irreducible representations of SU{M). Second, it 
predicts the following structure for the functions /_R(t, A): 

/«(^'^) = ET^^^^'^^^ (2.8) 

s,Q 

where Nr^q^s are integer numbers, and the Q and s are, in general, half-integers (however, 
for a given fji, the Q differ by integer numbers). In writing (|2.7| ), and to be able to 
compare to the results in Chern-Simons gauge theory, we have performed an analytic 
continuation, as suggested in 0. The prediction (|2.8| ) is based on the duality between 
Chern-Simons theory and topological string theory. As explained in 0], given a knot /C in 
S'^ one constructs a Lagrangian submanifold Cjc in the noncompact Calabi-Yau 0{—l) + 
C(— 1) (the resolution of the conifold). The integers Nfi^Q^g count, very roughly, 

holomorphic maps from Riemann surfaces with boundaries to the Calabi-Yau, in such a way 
that the boundaries are mapped toCjc- A more precise understanding of the integers Nr^q^s 



^ A word of caution about notation: in [18|, the variable A is denoted ^. Also, in order to 
compare to notice that our t is their exp(rA), and our A is their expt. 
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is given by the target space interpretation of the string amphtudes. In this interpretation, 
one reformulates the counting problem in terms of D-branes. One considers configurations 
of D2 branes ending on Cjc, in the presence of M D4 branes wrapping C/c and filling an in 
the uncompactified spacetime. The D2 branes are BPS particles from the two-dimensional 
point of view. These particles are characterized by their magnetic charge, their bulk D2 



brane charge, and their spin, which correspond, respectively, to Q and s in (|2.8| ). The 
integer A^h,q,s counts the number of BPS states with these quantum numbers. We then 
see that the conjecture of makes a remarkable connection between knot invariants and 
an enumerative problem in the context of symplectic and algebraic geometry, and that the 
polynomials can be regarded as counting functions for this enumerative problem. 

In this section we will prove the first part of the conjecture. It follows from simple 
group theoretical arguments. Thus, it will be established that the vevs of Wilson loops in 
arbitrary irreducible representations of the gauge group can be encoded in the functions 
A). This also gives a concrete procedure to compute these functions from Chern- 
Simons vevs, and using this procedure we will present a highly nontrivial evidence for 
( pT8|) in the case of torus knots. 

Our starting point is the construction of a set of linear equations for the functions 
fnit, A) in terms of vevs of standard Wilson loops in arbitrary irreducible representations. 
To carry this out, it is convenient to use the following basis of class functions (see, for 



example, [ pOf ||21|| P2[| ). Take a vector k with an infinite number of entries, almost all zero. 



and whose nonzero entries are positive integers. Given such a vector, we define: 

i = Y.jk,, \k\=Y,kj. (2.9) 

We can associate to any vector k a conjugacy class C{k) of the permutation group Si. This 
class has ki cycles of length 1, /c2 cycles of length 2, and so on. The number of elements 
of the permutation group in such a class is given by [E3[ 



Equivalently, the vectors k with Y2j J^j — ^ one-to-one correspondence with the 

partitions of i. Given an ordered h-uple of positive integers (tt-i, ■ ■ ■ , Uh), we can map it to 
a vector k by putting ki equal to the number of z's in the /i-uple. Notice that h = \k\, and 
that there are hi/ Y[kjl different /i-uples giving the same vector k. 
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We now introduce the following basis in the space of class functions, labeled by the 
vectors k: 

'^kiU) = ll{^U') (2-11) 



It is easy to see that: 



Z(t/, V) = l + J2 (2.12) 

k 

since we are assuming i > 0. 

Let's now consider the expansion of the exponent in ( |2.7| ) in terms of the basis ( |2.11 



We first recall Frobenius formula to express traces in an arbitrary irreducible representation 
of SU{M) in terms of the elements of the basis referred to this group: 

T^RiV) = ^-^XR{C{km^,{V). (2.13) 

k 

In this formula, the irreducible representation R can be associated to a Young diagram in 
the standard way. The sum is then over conjugacy classes with £ equal to the number of 
boxes in the diagram. 

To analyze the expansion in ( |2.7|) , we have to write TtjiV^ in terms of the basis ( |2.11|) . 
To do this it is convenient to define the following vector ki/n- Fix a vector k, and consider 
all the positive integers that satisfy the following condition: n\j for every j with kj ^ 0. 
Notice that n = 1 always satisfies this condition. When this happens, we will say that 
"n divides k" and we will denote this as n\k. We can then define the vector /ci/„ whose 
components are: 

(A?i/n)i = k^i. (2.14) 

The vectors which satisfy the above condition and are "divisible by n" have the structure 
(0, . . . , /cn, 0, . . . , 0, /c2n, • • •), and the vector k^jn is then given by (/c^, km, • • •)• It is a 



simple combinatorial exercise to prove that the exponent in (|2.7|) is given by 



E ^ E E Xi?(C(fci/ J)/fl(r, A-)T,^(y). (2.15) 



R 



In this equation, the third sum is over representations of Si. We now define a generalization 
of the cumulant expansion for the vevs we are considering. First, associate to any k the 
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polynomial = Hj variables xi,X2, ■ ■ ■■ We then define the "connected" 
coefficients a^S"^ as follows: 

k 

log (l + i: ^ojPs(x)) = Y. ^4Vj(.). (2.16) 



One has, for example: 



(c) _ 2 

•^(2,0,...) - ^(2,0,...) - «(1,0,...)' 



^(1,1,0,...) = «(i,i,o,-) - «(i,o,.. 0^(0,1,0,...)' (2-17) 

^(0,.. .,0,1,0,...) ~ «(0,... ,0,1,0,...), 

and so on. For vectors of the form (n, 0, . . .), this is just the cumulant expansion. 
Define now the vevs: 

G^^{V) = (T,^(C/)). (2.18) 



Using (12:6[)(CT)( CT) and (|2J8[) , we find: 



log V)) = J2 ^-^Gf{U)T^,{V). (2.19) 

k 



Since the Tj^(V) are a basis in the space of class functions, we find that the equation 
can be written as 



= E^'''"'E^^(^(^Vn))/i?r,A"). (2.20) 

R 



This is our "master equation". It allows us to obtain the functions /i^(t. A) once we 
compute the vevs that appear on the left hand side. The way to do that is to consider all 
vectors k with a fixed i, where i will be considered as the "order" of the expansion. The 
number of these vectors is the number of partitions of i, p{i). At every order there are 
then p{£) vevs G^^\u) and also p{i) representations R of Si. The relations ( p.20| ) provide 
p(£) equations with p{£) unknowns, the functions /^(t. A). The data to solve the equations 
are the vevs ( p.l8|) and the fn' (t. A) for representations with i' < i boxes. The procedure 
to find the polynomials is then recursive, and the structure one finds is very similar, in 
fact, to the recursive procedure which determines the integer invariants introduced in |24|j , 
as it is explained in |2^ . 
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The above system of linear equations has a unique solution. This follows from the 
fact that the associated matrix, \C {k)\xR{C (k)) , is invertible due to orthonormality of the 
characters. Thus, the first part of the conjecture, eq. (|2.7|) , is proved. 

There are two cases of the above expression which are particularly interesting. The 
first one is for /c = (£, 0, . . .). In this case, the corresponding conjugacy class in Si is the 
identity, and one finds 

((TVC/)^)(^) = J](dimi?)/fl(t, A), (2.21) 

R 

where the sum is over the representations Rof Si. The left hand side is the usual connected 
vev. The second example corresponds to the vector k = (0, . . . , 0, 1, 0, . . .), where the 
nonzero entry is in the i-th position. In this case, we have to sum in ( p.20|) over all the 
divisors of that we will denote by n. The vector /ci/^^ is then (0, . . . , 0, 1, 0, . . .), where 
the nonzero entry is in the i/n-th position. The characters x(C(/ci/^)) are different from 
zero only for the hook representations, i.e., those corresponding to Young diagrams with 
{£/n) — s boxes in the first row, and one box in the remaining ones, for example. 



(2.22) 



The character is then (—1)* (see [^^, 4.16). The formula (|2.20|) reads in this case: 

£/n-l 

{TrU') = J2J2 (-l)Vhook,s(r,A-). (2.23) 

n\l s=0 

3. Polynomial invariants for torus knots in arbitrary irreducible representa- 
tions of SU{N) 

In order to obtain the functions /r from the master equation ( p.20|) one needs to 
compute the connected functions G^S\u). After using (|2.18|) and the inverse of Frobenius 



formula ( p.l3| ), it turns out that these involve the computation of vevs of Wilson loops 
in arbitrary irreducible representations of SU{N). As stated in the introduction these 
vevs are known only for some particular cases. In order to have a good testing ground of 
the conjecture (|2.7| ) it would be desirable to have a formula for these vevs valid for any 
representation, at least for some particular class of knots. The goal of this section is to 
derive such a formula for torus knots. The result is contained in eq. (3.29) below. The 
arguments leading to it are independent of the rest of the paper and thus this section could 
be skipped in a first reading. The techniques used to obtain the formula (3.29) are based 
on the application of the operator formalism to Chern-Simons gauge theory [^, that in 
the case of torus knots leads to the useful concept of knot operators |]1^ . 
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3.1. Knot operators 



Knot operators for torus knots were introduced in |jT^. They allow the computa- 
tion of vevs of Wilson loops corresponding to this type of knots for arbitrary irreducible 
representations of the gauge group. The first piece of data we need to introduce these op- 



erators is the Hilbert space of Chern-Simons gauge theory on a torus [26|. This space has 
an orthonormal basis \p) labeled by weights p in the fundamental chamber of the weight 
lattice of SU{N), Ti, where I = k + N . We take as representatives of p the ones of the 
form p = YliPi^i^ where A^, i = 1,---,A^ — 1, are the fundamental weights, pi > and 
J2iPi < ^- The vacuum is the state \p), where p is the Weyl vector {i.e., the sum of all the 
fundamental weights). 

Torus knots are labeled by two coprime integers {n,m). They correspond to winding 
numbers around the two non-contractible classes of cycles, A and B on the torus. Let m 
be the number of times that the torus knot winds around the axis of the torus, and let A be 
the highest weight of an irreducible representation. Then, the Wilson loop corresponding 
to that torus knot is represented by the following operator: 



2 nm m 

-inn — — 2ni- —p ■ a 

^ k + N k + N 



\p + np). (3.1) 



In this equation. Ma is the set of weights corresponding to the irreducible representation 
A. 

To compute the vev of the Wilson loop around a torus knot in S'^, one proceeds as 
follows: first of all, one makes a Heegard splitting of into two solid tori. Then, one puts 
the torus knot on the surface of one of the solid tori by acting with the knot operator ( |3.1J ) 
on the vacuum. Finally, one glues together the tori by performing an ^'-transformation. 
There is an extra subtlety related to the framing dependence in Chern-Simons gauge 
theory, since the vev computed in this way has to be corrected with a phase. In the 
standard framing the vev of the Wilson loop is given by: 

^" {P\s\p) ' ^'-'^ 

where, 

is the conformal weight of the primary fields in the associated WZW model at level k. 
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3.2. Vacuum expectation values from knot operators 



Our next task is to provide a more precise expression for the vev ( p.2|) . When acting 
with the knot operator (|3.1[ ) on the vacuum, we get the set of weights p + np, where 
/U G Ma. These weights will have representatives in the fundamental chamber, which can 
be obtained by a series of Weyl reflections. If the representative has a vanishing component, 
then the corresponding state in the Hilbert space is zero due to antisymmetry of the wave 
function under Weyl reflections. The set of weights that have a nonzero representative 
in JF; will be denoted by A^(n, A), and it depends on the irreducible representation with 
highest weight A, and on the integer number n. The representative of p + n/x in M{n, A) 
will be denoted by p + Hn- The matrix elements of S have the explicit expression. 



p,p 



c{N, k) e{w) exp 



2Tiip ■ w{p') 
k + N 



(3.4) 



where c{N, k) is a constant depending only on and k, and the sum is over the Weyl 
group of SU{N), W. Using this, the vev ( [3?^ ) can be written as: 



J2 

tieM{n,A) 



-mp 



nm 



k + N 



2ni 



m 



k + N 



p- p 



ch 



2ni 



k + N^i 



(3.5) 



In this expression, we have used the Weyl formula for the character: 



chA(a) 



E 



wew 



e(w]e 



w(A-\-p)-a 



'j{p)-a 



(3.6) 



Notice that, since the representatives pn live in JF^, they can be considered as highest 
weights for a representation, hence the above expression (|3.5|) makes sense. 

In practice, the main problem to compute this vevs explicitly is to find the nonzero 
representatives of the weights that appear in ( |3.1| ), and to find an expression for the 
characters in 



Fortunately, this has been done in [|T8[ in a slightly different context. 
In that paper, these problems were solved for all the weights in the product representation 
y®*, where V is the fundamental representation of SU{N) and s is any integer. Since all 
the representations of SU{N) that correspond to Young diagrams with s boxes are in fact 
contained in the reducible tensor product V®^, we only have to combine the results of 
with some simple group theory. This will give an explicit expression for the vev value of 
Wilson loops for torus knots in arbitrary representations of SU{N). 
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3.3. Group theory 

To obtain the expression for the vev of the Wilson loop, we need the weight space 
associated to arbitrary representations of SU{N). It is very convenient to regard this space 
as a subspace of the weight space associated to the reducible representation 1/®^. Let's 
denote hj Hi, i = 1, . . . , N the weights of the fundamental representation of SU{N). Any 
weight in V^^ will have the form 

ki^ii H h /cr/ii,., I < ii < . . . < ir < N, (3.7) 

where {kx) = {ki, . . . , kr) is an ordered partition of s, i.e. an r-tuple that sums up to s. 
The k\ will be taken as strictly positive integers, therefore 1 < r < s. The corresponding 
unordered partition will be simply denoted by k. Unordered partitions for SU{N) will be 



written as A^-tuples with nonincreasing components, as in [^. The set of weights ( |3.7|) , 
for a fixed (kx), will be denoted by Mk-^. 

Consider now a irreducible representation R of SU{N), associated to the highest 
weight 

N-l 

A = ^ a,X,. (3.8) 

This representation can be labeled by a Young diagram with s = ioi boxes in the usual 
way. Equivalently, we can assign to the highest weight (|3.8|) an unordered partition of s: 



a = {ai + h on-i, 02 + h a^-i, • • • , on-i, 0). (3.9) 

The weight space of this representation can always be written as follows 

MA = [jmf,^)Mk,. (3.10) 

kx 

where the n^'f^^-^ are nonnegative integers giving the multiplicities of the weights ( p.7|) in 
Ma. This can be proved as follows (see [|2^ for more details). The irreducible repre- 
sentation associated to A is given by Sa(l^), where Sa is the Schur-Weyl functor. Any 
endomorphism of V will extend to Sa(y), and its character will be given by the Schur 
polynomial Sa{xi, ■ ■ ■ , xat), where xi, ■ ■ ■ , xn are the eigenvalues of g. The Schur polyno- 
mials can be expanded in terms of the symmetric polynomials F^, which are also labeled 
by unordered partitions of s, /c = (/ci, ■ ■ ■ , /cat) (with ki > ■ ■ ■ > kN)- Fk is the sum of 
the elementary monomial X'^ = ■ ■ ■ and all the monomials obtained from it by 
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permuting the variables. The set of and its permutations is then labeled by ordered 
partitions. The expansion of the Schur polynomials is given by: 



Sa=Y,UakFk, (3.11) 
k 

where the Mak are called the Kostka numbers. These numbers are nonnegative integers 
and can be also computed as the number of ways one can fill the diagram a with ki I's, 
/c2 2's, kr r's in such a way that the entries in each row are nondecreasing and those in 
each column are strictly increasing. Since the Xi, i = 1, ■ ■ ■ , N, correspond to the weights 
fii of the fundamental representation, each of the monomials in corresponds to a one- 
dimensional weight space with a weight of the form (|3.7[ ). The different monomials in 



are in one-to-one correspondence with the different ordered partitions associated to the 
unordered partition k. We have then proved the equality ( p.lO|) . 



From the proof above follows that in the decomposition (|3.10|) all the ordered partitions 



corresponding to the same unordered partition appear with the same multiplicity, and 
moreover that 

mf,^)=Ar„,, (3.12) 

where a is the partition associated to A. We can then compute the multiplicities in ( |3.10| ) 
very easily. For example, for R = Sym^{V), we have A = sAi, and "^(^^^ = 1 ^or every 
ordered partition of s. For R = A^V one has A = Ag, and i^^^x) ~ ^ every (kx) except 
for {k\) = (1, 1, ■ ■ ■ , 1), where the multiplicity is one. For the diagram we can represent 
( CT) as: 

P = 2(l,l,l) + (2,l)-f(l,2), (3.13) 

where the vectors in the r.h.s. represent ordered partitions, and the coefficients are the 
multiplicities. For representations with four boxes one has: 

^ = 3(1, 1, 1, 1) + (1, 3) + (3, 1) + (2, 2) + 2{(2, 1, 1) + (1, 2, 1) + (1, 1, 2)}, 

= 3(1, 1, 1, 1) + (2, 1, 1) + (1, 2, 1) + (1, 1, 2), (3.14) 



— = 2(1, 1, 1, 1) + (2, 2) + (2, 1, 1) + (1, 2, 1) + (1, 1, 2). 



3.4- General formula 

We are now in a position to be more explicit about the expression ( |3.5| ). Using the 
decomposition ( p.lO| ), we can write all the weights for the irreducible representation R in 
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the form (|3.7| ). We have to find now which vectors of the form p + nfj. have a representative 
in J-'i, and the exphcit structure of such a weight. This has been completely solved in 
Theorem 4.1 of [0. The main output of this theorem is that the weights 



p + n{kiHi^-\ VkrPi^) (3.15) 

associated to a partition of cardinal r give a representative only for certain values of 
the indices The procedure to get these indices, as well as the corresponding 

representative, is rather involved, but we will give it here for completeness. For further 
details, we refer the reader to [0. 

The arrangement of indices i\, A = 1, ■ • • , r, producing a weight in Ti is contained in 
the set specified by the following conditions: 

(I) U < kxn, 

(3.16) 

(II) ix = i^ + kxn, /i < A, 

in such a way that, in (II), no previous index ij., z/ < A, has the form iv = + kj^n, p < u. 
Given an arrangement of indices like this, with r — k indices verifying condition (I) (which 
will be called of type I) and k indices verifying condition (II) (which will be called of type 
II), a weight belonging to J-'i is obtained if and only if: 

ifi-iu + {ki, - k^)n ^ 0, (3-17) 

for every pair of indices i^, ij^, verifying (I). The set of arrangements of indices selected in 
this way will be denoted by X(fc^-)(n), and the corresponding set of weights will be denoted 

by A^X(,^)(n)- 

To each arrangement of indices in T(-/j^) (n) we will associate a canonical representative 
in J^i accompanied by a sign. This association is carried out by the following procedure: 

1) For indices of type I, which will be denoted by z^n " " " ; ^K-k-i defines a total 
order relation according to: 

ix^ >- ix, iff ix, - ix, + [kx, - kx^)n > 0. (3.18) 

This relation defines a permutation r of the set of indices of type I under consideration 
with respect to their natural ordering: 



^ ^ , «Ai 1X2 U.-fe 
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(3.19) 



2) For the k indices of type II, , ■ ■ ■ , ij^^. , ij,^ < ■ ■ ■ < ij,^ , one takes the set of indices 
, ■ ■ ■ , ^!>fc, verifying ii,^ = i^^ + k^j^n, and defines on it the order relation inherited from 

the natural ordering of the indices i^^: 

y iff > i^^. (3.20) 
This gives again a permutation a with respect to the natural ordering of the set Zj^^: 

^ ^ M(T-l(i>l) «cr-l(!>2) '^cr-l(;>fc) \ (3.21) 

with < V-i(£>2) < • ■ ■ < V-i(!>fe)- 

3) Define r — k numbers ^(Ap), p = 1, ■ ■ ■ ,r — k, associated to type I indices as 
follows: ^(Ap) is the number of type II indices preceding the type I index ix^ in the 
original arrangement of indices zi, ■ ■ ■ , in ( |3.15| ). 

The canonical representative in JF; of the weight ( p.l5|) is the weight: 

P +P1A1 +P2A2 H \-pr-kK-k + Ai^^+r-fc-l + Ai^^+r-A;-2 H h Ai^^_^ , (3.22) 

where pi, i = 1, ■ ■ ■ ,r — k, are given by: 



Pi =V(A2) - V(Ai) + (^r(Ai) - ^t(A2))'^ - 1: 
P2 =V(A3) - V(A2) + (^r(A2) - KiX3))n - 1, 

Pr-k =kr{K^^)n-ir{\^^^), 



(3.23) 



and the indices i^^ in ( p.22| ) are the complementary ones to the indices {z;>p}p=i,. z.e., 



those indices such that no index ij, > i^^ has the form ij, = i^^ +ki,n. They are ordered 
according to their natural ordering: < ■ ■ ■ < 

Finally, the sign associated to this weight because of the Weyl reflections needed to 
obtain it is: 

e(r)e(a)(-l)Sp='''''^"''''+^^^''\ (3.24) 



This result gives then an explicit description of the set of weights M(n, A) in (P3|): 

M(n,A)= U <fc,)^i(.,)(n), (3.25) 

(kx) 
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and the representatives of these weights have the form (|3.22 ). 



The last ingredient in ( |3.5| ) is the character, which has also been computed in [18| for 
weights with the structure of ( p.22|) . Before doing this, it is useful to introduce g-numbers 
and (^-combinatorial numbers as follows: 



[x]\ 



[x - y]l[y]l' 



(3.26) 



One can then easily prove that 

N + p 



P 



(pV- 



N 
i 



--X 2^2 



(3.27) 



The character for the weight (|3.22 ) is given by 

r—l r—1 



2ni 



k + N 



P 



\{[pk+i]---[Y,p>^+^-^] n t'^-'j-] 

l<j<fc<r 



k=l 



\=k 



X 



TT m 











(3 



and it is in principle a rational function of 1 2 and A2. 

Taking all this into account, and evaluating the phase factor in ( |3.5|) , we can finally 
write the expression for the vev of a Wilson loop corresponding to an (n, m) torus knot in 
an arbitrary irreducible representation R: 



^ikx)t ^^=' 2^ e(r)e(cT)(-l)^p=i ^ " t ^a=i 

1 — A; — 1 r — k — 1 

X W [Pr + l]---[^ Px + r-k-l] JJ [i^^ - i 



(3.29) 



X 



T=l A=T 

r-k r. 1 

TT KA 

M^;:^EwPA + ^.,+r-fc-r] 



l<(j<r<r— A; 

r — k 



N + EZrPx + r--k-r 



T.\=r P\ + r~k 





N 







where the highest weight associated to R has been written as in ( |3.8| ), and the multiplicities 
are given by Kostka numbers. This expression is fairly complicated. It can be evaluated 
using a simple computer routine, and in some simple cases it can be explicitly computed, 
as we will see in the next section. 
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3.5. Some particular cases. Akutsu-Wadati polynomials 



In this subsection, we will study some particular cases of the general formula ( |3.29|) . 
In particular, we will see that for gauge group SU{2) it reduces to the Akutsu-Wadati 
polynomials of torus knots first obtained in Jl^ . 

As a first check of ( ^.291 ), and for completeness, let us consider the fundamental 
representation of SU{N), with Young tableau □ and s = 1. The vev in this case was 



obtained in the context of Chern-Simons gauge theory in |T^]. There is only one index 
1 < z < n involved in the procedure described above. The representatives of the weights 
that appear in the computation are, according to (|3.22| ) and ( |3.23|) , 



p+ {n- i)Xi + Xi 



(3.30) 



and the character in this case is simply: 



ch 



pXi+Xi 



[p + i] 



N + p 
p 



N 



Using the explicit expressions (|3.27| ), we finally obtain 



(n,m)v 
□ / 



1 



p-\-i-\-\ — n 
p,i>0 



mp)\ 



(3.31) 



(3.32) 



where we have redefined the index i. This is in fact the unnormalized HOMFLY polynomial 
of an (ti, m) torus knot. If we divide by the vev of the unknot, we find the expression for 
the HOMFLY polynomial first obtained in [jl|. 



An interesting check of (|3.29|) is that, for SU{2) and representations with isospin j/2, 
one obtains in fact the Akutsu-Wadati polynomials for torus knots. The discussion is very 
similar to the reduction of the HOMFLY polynomial for torus links to the Jones polynomial 



studied in HTBIl, section 5. 



To obtain the Akutsu-Wadati polynomial for isospin j/2, we consider the representa- 
tion of SU{N) associated to Sjm-'{V), and given by the Young tableau 



with j boxes. We then put N = 2. Notice that there are other representations of SU{N) 
that reduce to the j/2 for SU{2), but the above is the simpler one. From the expression 
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for the character ( |3.28| ) we see that it vanishes for > 2. This imphes, in particular, that 
the only partitions contributing in this limit have at most cardinal two. From the partition 
(j), we obtain the following weights in J-'f. jnXi (with sign —1) and {jn — 2)Ai + A2 (with 
sign +1). For the partitions (/,j — /), with 1 < / < J — 1, one finds weights of the form 
pXi + q\2-, where p = n{2l — j), q = n{j — I) if 1 + n{2l — j) > 0, and p = {j — 2l)n — 2, 
(J = n/ + 1 if 1 + n{2l — j) < 0. In the first case, the sign is +1, and it is —1 in the second 
case. The character of this weight for A = is simply 

c\x^+q\2=t ^ ■ (3.33) 

Taking into account that ^(^^) = 1 for all the ordered partitions, one finds, after a short 
calculation: 



^Wf^'^^)=r^- ^^m(l+nOO-0(tl+nZ .^nO-O)^ ^3 34) 

where the summands with I = 0,j come from the partition (s), and the summands with 
1 < / < J — 1 come from the partition — I). The expression in ( |3.34| ) is in fact the 
unnormalized Akutsu-Wadati polynomial for the (n, m) torus knot, in the representation 
of isospin j /2 [|l] 



4. Explicit results for fji 

The results of the previous section will allow us to compute the quantities on the left 
hand side of the master equation ( |2.2C1| ). These quantities are products of traces of powers 
of the holonomy associated to a given knot. Computations of this type are delicate from 
a field theory point of view because they involve products of operators evaluated for the 
same loop. The corresponding calculations are plagued with singularities which must be 
regularized. One way to do this, advocated in []T3| and also suggested in [g], involves the 



use of Frobenius formula. In particular, what is needed is the inverse of ( p.l3| ) 



r,;iU)=Y,XR{C{k))Tru{U). (4.1) 



R 



All problems arising from products of operators evaluated for the same loop are avoided 
using this formula since one ends computing vevs of standard Wilson loops. Actually, it 
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is rather simple to prove that the choice (O) leads to the following general form for the 
functions /_R(t, A): 

/^(t, A) = {Tr f>{U)) + lower order terms, (4.2) 

where "lower order terms" involves ffi> (t, A) for representations R' with i' < i. Thus the set 
of functions /^(t, A) is equivalent to the set of vevs in arbitrary irreducible representations. 
This relation implies that the new polynomial invariants are basically the ordinary ones 
plus correction terms. As it follows from the master equation ( p.20| ) these corrections terms 
are linear combinations of products of lower-order fn evaluated at different arguments. The 
remarkable consequence that follows from the validity of the conjecture ( p.8| ) is that the 
corrected polynomials possess integer coefficients which can be interpreted as the solutions 
to counting problems in the context of string theory. 

Using and the result for Tr^^ (U) in ( |3.29| ) we will be able to obtain the functions 
fii{t, A) for torus knots after solving the master equation ( pj.2UD . We will present in this 
section the computations up to third order, where the order is set by £, as we explained in 
section 2. 

4.1. i = 1 

In this case, /c = (1, 0, ■ ■ ■) and ( |2.21J ) just says that 



(TrnC/) = /n(t,A). (4.3) 

The left hand side of this equation is the unnormalized HOMFLY polynomial. To normalize 
it we have to divide it by the vev of the unknot: 

A^ — A~^ 

(^□^)u= . . ■ (4.4) 

t2 — t 2 

Due to the skein relations, the normalized HOMFLY polynomial always has the structure 

In this equation, the s take integer values, and Ps(A) = J2j '^sj^'' are Laurent polynomials 
in A. The ttsj are integer numbers. Therefore, /□(t. A) has indeed the structure predicted 
in ( p.8| ). The integers A^n, q,s are given by: 

Na,j+i/2,s = as,j - as,j+i. (4.6) 
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We then see that, for the fundamental representation, the integers introduced in are 
simple linear combinations of the coefficients in the normalized HOMFLY polynomial. 
Notice that ( [4 .61 ) is valid for any knot, since we have only used the general structure of 
the HOMFLY polynomial. As an example, let us consider the right-handed trefoil, which 
is the (2, 3) torus knot. One obtains that 

fuit. A) = , (-2A^ + 3Ai - At) + {t^ - t-^)(-A^ + A^), (4.7) 

t2 —t 2 

and from here one can easily extract the values of A^n,Q,s- 
4.2. i = 2 

In this case, there are two possible vectors corresponding to conjugacy classes: 
(2, 0, ■ ■ ■), and (0, 1, 0, ■ ■ ■)• From (^^, ( ^721] ) and (^) we find two equations: 

((Tr U)^) - (Tr U)^ =f^ (t. A) + /□ (t. A), 

(4.8) 

{Tr U') =f^ (t. A) - /g (t. A) + /□ (t^ X'). 



A432s argued above, Frobenius formula (|4.1| ) allows to express the new quantities appearing 
on the left of this equation in terms vevs of Wilson loops. For the case under consideration 
it leads to: 

{{TtU)')={Tt^ U) + {Trn U), 

(4.9) 

(Trt/2)=(Trm U) - {Tv^ U). 
From these relations and eq. ([4.8|) we obtain, after taking into account 



(t. A) =(IVm U)-- (/□ (t, \f + /□ {t\ A^)) , 

2 (4.10) 
/g it, A) =(IVg U)-- (/□ (t, A)2 - /□ {t\ A^)) . 

We will now present explicit formulae for these functions in the simplest nontrivial 
case, namely the right-handed trefoil knot. The vev in the symmetric representation is 
given by: 

(A-l)(At-l) 



(Trm U) = —\ ^ (Xt-T(l - \r + r - \r + - At^ + A^t^ +e-\t 

A(t2 - t-2)2 (1 -Ft) V 

(4.11) 

In this equation, we have explicitly factored out the vev for the unknot in the symmetric 
representation. The polynomial multiplying the fraction in the right hand side is then 
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the normalized polynomial invariant in the symmetric representation. One can see that 
this expression agrees with the result presented in [|I4|. It can also be easily checked that, 
when we substitute A ^ t^, we obtain the Akutsu-Wadati polynomial for the right-handed 
trefoil in the j = 2 representation, as it should be. 
For the antisymmetric representation we find: 

{TvnU) = ~ ~ ({Xt-Y{i->^->^t + XH+t^+t^-Xt^-Xt^+t^)). (4.12) 

^ B ^ A(ti -t-i)2 (i+t) V ' ' V ^ ^ 

Notice that, when N = 2 {i.e., when A = t^), becomes the trivial representation and 
indeed (|4.12|) becomes 1. 



Using (|4.10|) one finds: 

t-U(A-l)^ (l + t^)(t + A^t-A(l + t^)) 

Jml'^i — 1 —J 

- t 2 

/g(t,A) = -^/m(t,A). 

The structure of these functions is in perfect agreement with ( |2.8| ). This computation 
makes clear that the prediction ( |2.8| ) is far from being trivial from the Chern-Simons side. 
The vevs ([4.11D and ( [4.12|) have complicated denominators that have to cancel out except 



for a single factor of — t 2 when one substracts the lower order contributions as in 
( [1.10| ). Also notice that the coefficients of the functions in ( |4.13D are in fact integers, and 



again this is not obvious from ( fd.lOj ) (which involves dividing by 2). These features become 
more and more remarkable as we increase the number of boxes of the representations, as 
we will see. 

4.3. i = 3 

At this order there are three vectors that contribute, k = (3, 0, ■ ■ •), k = (1, 1, 0, ■ ■ ■), 
and A? = (0, 0, 1, 0, ■ ■ ■)• From ( p:2T| ) we obtain: 

((Tr Uf) -3{TrU){iTTUf) + 2{TrUf = (t. A) + /g (t. A) + 2/^ (t. A) , (4.14) 



while from (|2.23|) one has 



(Tr U') = (t. A) + /g {t, A) - (t. A) + /□ (^^ A^). 
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(4.15) 



Finally, the vector (1, 1, 0, ■ ■ ■) gives us: 

{TtUTrU^)- (Tr U) (Tr U^) = (t, A) - /g (t, A) . (4.16) 

Using again Frobenius formula, we find: 

(t. A) = (Tr^ U) - /□ (t, A)/m (t, A) - J/n (t, A)^ 

D 

1 „ , 1 " ',3 \3\ 



/p (t, A) = (Trp [/) - /□ (t. A) (/^ (t. A) + /g (t. A)) - -/□ (t, A)^ + -/□ (^^ A^ 

/g {t, A) = (Trg [/) - /□ {t, A)/g (t. A) - ^/n (t. A)' + ^/n (t, A)/n {f, A') - ^/n (t', A^)- 

(4.17) 

Let's now present some results for the right-handed trefoil knot. For the representation 
cm, we find: 

(A-l)(At-l)(At2-i) f,,^_,,s, 



(Tr^ U) =^^, q '-^ (At-^)^(l - Xf'+t^ - Xt^ + t''-Xf 

\ ™ ' A3/2(ti -t-^)3(i + t) (i + t + t2) 



+ t^_Xf + X^f + t^-2Xt^ + XH^ + t^-2Xt^ + X^t^ + t^''-Xt^^ 
-Xt'' + X^ t'' +t'^~X t'^ + A^ _ A3 _ A + A^ t'^) 



which also agrees with the computation in [jl^. For the representation p, we find 



(4.18) 



(Trm U) = — ^ , A3t-^(l-A + 2t^-2At^ + A^t 

_t^ + XH^ + 2t^-3Xt^ + XH^-X^t'' + 2f-3Xf + X^t^-f (4-19) 
+ A2 + 2 _ 2 A + A^ t8 + tio _ A tio) 



(A-l)(A-t)(At-l) ..^ ^ , ^ . . , ^2 o 



Notice that, when A f^, the normalized polynomial (which is the polynomial inside the 
parentheses in ( [4.19|) ) goes to the Jones polynomial of the right-handed trefoil, since the 



representation f reduces to the fundamental representation j = 1 when N = 2. 
Finally, for the representation A^V, with Young diagram |, one has: 

(TYn U) = , (A-l)(A-t)(A-t^) (xh-^\-X + X^ + t-Xt + XH 

_XH-Xt' + X^t^ + t^ - Xt^ + f" - 2 At^ + A^t^ + ^5 _ 2 At5 (4-20) 
+ A2t5_At6 + A2t6 + t" + t8-At8 + t9-At9-Atio + ti3^ 
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Using these vevs, one finds: 

- Xt {1 + 3t + 3t^ + At^ + 51"^ + 2t^ + 2t^ + f) 

- t {1 + 3t + 3t^ + 5t^ + 5t^ + + 2f + 3f + t^) 
+ X'^ {l + 2t + 3t^ + 7t^ + 7t^ + 6t^ + 6t^ + 4:f + + 2t^)), 

A) = ^'^~'^^ - ^)'(_\+ ^ + ^'V t3 + it' + t^)-Xt{l + 2t + t' + 2t' + t' 
cr f2—t2 \ 

- X^ t {2 + t + 31"^ + + 21^^) + {1 + t + 3t'^ + 3t^ + 3t^ + + 
fn (t, A) = - (t^ + t^ + f + X^t + t' + t'+t'+t^ + 

B t2 — t 2 V 

- At^ (l + 2t + + 5t^ + 4t^ + 3t^ + 3t*^ + t^) 

+ t (2 + t + + + et'^ + + + 3t^ + 2t^ + t^) 

- (1 + 3t2 + 2^3 + + + 5t*^ + 3t^ + 3t^ + t^)). 

(4.21) 

Again, this is in perfect agreement with ( |2.(j| ). In the appendix we list the fR{t, A) for the 
right-handed trefoil knot, for representations with four boxes. 

4 ■4- Structure of fn 

The functions fni^t, A) that we have listed in this section, as well as many other 
examples that we have explicitly computed, have the structure predicted by (|2.8|) . In all 
cases they can be written as 

fn{t, A) = ^'~^_> fl(t^A^), (4.22) 

t 2 — t 2 

where Pii(t^ , A^) is a Laurent polynomial in ti, A^ with integer coefficients. Notice that 
we have factored out the vev of the unknot in the fundamental representation. The above 
structure is far from being obvious from its definition, or from the explicit expressions given 
above: to get /i?(t. A) we have to add up functions with rather complicated denominators, 
however the result has the simpler structure given in ( |4.22| ). Also, to obtain /i?(t. A) we 
have to divide by il, however the coefficients of the resulting polynomial in ( [4.22|) have 
integer coefficients. Notice that ( [4.22| ) has an extra piece of information when compared to 
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(p78|): namely, that one can extract a common factor Aa — A~2 from the functions A). 
It would be interesting to see if this is a general fact, and if it can be also predicted from 
the string side. 

It also follows from our computations that, for a given irreducible representation R, 
the integers Nji^q^s are only different from zero for a finite number of values of Q and s. 
However, the functions fn become more and more complicated as we increase the number 
of boxes, even for the trefoil knot (which is the simplest nontrivial knot). This seems to 
indicate that, given an irreducible representation R, there are always values of Q and s 
for which Nj^^q^s 7^ 0. Therefore, for every nontrivial knot there seems to be an infinite 
number of nonzero integers Nji^q^s- 

4.5. The functions fn for the unknot 

In it was explicitly shown that, for the unknot, the functions A) vanish for all 
R but the fundamental representation. This property can be easily checked using the fact 
that for the unknot, 

{TrRU)^ = dimtR, (4.23) 

where dim^i? is the quantum dimension of the representation R. Recall that this dimension 
is easily computed for SU{N) using the hook rule to calculate the ordinary dimension of 
R. This rule assigns a quotient to dimi? obtained in the following way: for the numerator, 
products of ± z, z = 0, 1, 2, . . ., each coming from a box located on the parallel to the 
diagonal placed ±i times away from the diagonal, taking the plus sign for the upper part 
and the minus sign for the lower part; a denominator provided by the hook lengths. For 
example, for the Young tableau: 

= p, (4.24) 



the dimension is, 



^ ^(jV+l)(iV-l) 

3- 1 ■ 1 ^ ^ 



The corresponding quantum dimension is obtained after replacing each of the integers n 
appearing in the quotient by its corresponding quantum number, 

X X 

t 2 - 

{x} = (4.26) 

t2 — t 2 



SO that, 



_ {iV}{iV + l}{iV-l} 

- {3}{1}{1} ■ ^^-^^^ 
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Using (|4.3|) we obtain for the unknot, 



fait, X)n = (Trn U)^ = duntD = {N}, 



(4.28) 



which is consistent with ( [4.4| ). This relation is also consistent with the results in Let us 
now test the rest of the expressions for the functions fji which we have obtained. Taking 
( [4.101) one finds that, indeed. 



(t, A), = dimt m - I ({iV}2 + {AT} 
/g(t,A), = dim,g-i({iV}2-{iV} 



0, 
0. 



(4.29) 



Similarly, using these results and ( [4.17|) one confirms that for the functions of third order: 



/™ (t, A), = /p (t, X)u = f^ (t, X)u = 0. 



(4.30) 



Eqs. ( [4.29| ) and (|4.30| ) constitute an important check of our calculations. 



4-6. Perturbative expansions and Vassiliev invariants 



Using the same arguments as in [28] to prove that the coefficients of the perturbative 
series expansion are Vassiliev invariants one can easily show that the vevs (|2.18| ) lead to 
a perturbative series expansion whose coefficients are also Vassiliev invariants. This implies 
that the functions /^(i. A) share the same properties. In other words, if one considers the 
power series expansion, 

oo 

^^""^ = J2oi^x\ (4.31) 



i=Q 



the coefficients ct^, i = 0, 1, 2, . . ., are Vassiliev invariants of order i. The explicit form of 



the Vassiliev invariants for torus knots (n, m) are known up to order six. They 

turn out to be polynomials in n and m. At lowest orders, the form of these invariants 
imply the following structure for the polynomials in ( |4.22| ): 



Pfl(e^ e^^) =go + 92{R)P2,ix' + gs{R)/3s,ix' + 0{x' 



where, 



^:^'nm{n'^ - l){m'^ - 1), 



(4.32) 



(4.33) 
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and (72 and (73 (-R) are constants (independent of n and m) which depend on the repre- 
sentation R. After computing for a variety of torus knots we find, 

= ~2N{N^ - l)(3s,ix^ + 0{x^), 
P^{x) = 6iV(iV2 - l)/33,ix3 + 0(x4), ^4 34) 

P^{x) = -6N{N^ - l)Ps,ix^ + 0{x^), 
Pn{x) = 6N{N^ - l)/33,iX^ + O(x^), 



in fuU agreement with (|4.32| ). 



These results constitute a test of the fact that the coefficients of the perturbative 
series expansion associated to the polynomials Pr must be Vassiliev invariants. But the 
test indicates the existence of more structure. As argued above, the functions fn have a 
very simple structure, many cancellations occur in such a way that these functions have 
a simple denominator and the vev for the unknot factorizes. The results ( |4.34D indicate 



that they might satisfy more striking properties. Though the fact that (70 = is a simple 
consequence of ( [4.29| ) and ( [4.30| ), there is no reason to expect that (72 (-R) = for the 
representations under consideration. This property implies that the second derivative 
respect to t of Pr (after replacing A t^) vanishes at t = 1. This might be a first 
indication of the existence of some important properties shared by the polynomials Pr. 
Further work is needed to study their general features and applications. In particular, it 
would be very interesting to understand in more detail the relation between the coefficients 
Nr,q,s of (|2.8D and Vassiliev invariants. 



5. A conjecture for the connected vevs 

In the previous sections we have shown how to extract string amplitudes from Chern- 
Simons vevs, and that the amplitudes computed in that way have in fact the structure 
predicted in ( |2.8| ) by using the target space interpretation. The worldsheet interpretation 
of the amplitudes is in principle more complicated, since it involves open string instantons. 
However, the structure of the free energy of topological string theory dictated by worldsheet 
perturbative considerations gives a remarkable set of constraints on the integers Nr^q^s 
or, equivalently, on the connected vevs of Chern-Simons gauge theory. As explained in 0, 
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the arguments in [11| imply that the free energy F{V) = — log{Z{U, V)) is given by the 
expression 

oo oo 

^(^) = EE E ^'^-'+'i^.;n,,.,n,(A)IVF-^■■■IYF"^ (5.1) 
g = h = l ni,---,nij^ 

where x is 2ni/(k + N), and g and h denote the genus and number of boundaries of the 
string worldsheet. Let us now compare this expression with the equations (p.7| ) and (|2.8|), 
based on the target space interpretation. To do this we assume that there is some analytical 
continuation which turns the series (|5.1| ) into a series involving only positive integers n^. 
If we then choose the basis (|2.11D for the class functions, we find: 



^(^) = E jP;tE^.,a?W-^-^+I'^It,(^)- (5.2) 



Comparing to ( |2.19| ) we immediately obtain: 



Gfiu) = -miij''T.F,,k(^)^"'~"^^'^- (5-3) 

9=0 

This makes a highly nontrivial prediction about the structure of the connected vevs: if we 
put t = e^, keeping A as an independent variable, then the expansion in x should start 
with a power greater or equal than \k\ — 2. Moreover, the expansion should contain powers 
of the same parity {i.e. the powers should be all even or all odd, depending on the parity 
of |A;|). This implies that the functions G^^\u) are even (odd) under t ^ when \k\ is 
even (odd). 

Let us now analyze this prediction. For 1 = 1 (and therefore \k\ = 1), the left hand 
side of ( |5.3|) is the unnormalized HOMFLY polynomial. The fact that the expansion in 
X starts with x~'^ is a consequence of ( [4.5|) . Since the normalized HOMFLY polynomial 
is even under the exchange of t and [^, G^^^f^ ...)(^) is odd, in agreement with the 
prediction. These two facts were already noted in ^ in this context (indeed, the equation 
generalizes equation (2.3) of 0] to more complicated vevs). For £ > 1, the prediction 
is far from being obvious: the vevs of Wilson loops in the representation R start 
typically with the power x~^ when we do not expand A, and they do not have any a priori 
symmetry under t ^ t~^. However, we have found that the prediction (|5.3| ) is in fact true 
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in all the cases that we have checked. For example, in the case of the right-handed trefoil 
knot, and for the connected vevs at order four, we have obtained: 

<^(olo,o,i,o,-)^^) =^A2(A - 1)(-134 + 1498A - 6278A2 + 13146A^ - 15129A^ 

+ 9735A^ - 3289A^ + 455A^) - + 

X 

G'jo^2,o,...)(^) =12A2(A - 1)^(9 - 72A + 198A2 - 176A^ + 49A^) + 0{x^), (5 4^ 
<^(ilo,i,o,-)^^^ =9A2(A - 1)^(10 - 92A + 233A2 - 200A3 + 55A^) + 0{x^), 
Cg^ =72(A - 1)5a2(-3 + 27A - 58A2 + 28A3) x + 0{x^), 

<^(4!o,o,...)(^) =432(A - lf\^{l - 9A + IGA^) + 0{x^). 
In addition, one finds that the expansion only contains powers of x of the same parity, in 
agreement with ( p.3| ). We think that this result gives another important check of the open 
string interpretation of Chern-Simons gauge theory. 

The prediction ( |5.3| ) can be stated in terms of the integer invariants N^^q^s by using 
our master equation ( |2.2C1| ). Notice that, from ( p.20|) , the most we can say about the 
expansion of the connected vevs is that they start with x~^ . However, more is true, as we 
have just seen. This means that there must be some constraints on the integer invariants 
Nji^Q^g. Let us obtain these constraints. Using the definition of the Bernoulli polynomials, 

^xt °° -im — l 

= J2Bmix)—^, (5.5) 
1 ^-^ ml 



e* 



m=0 

we find the following equation for 



1^1' rij'^ R,Q,s (2^7-l + |A;|)! 

(5.6) 

This expression can be interpreted as a multicovering formula for open string instantons. 



in the spirit of |]2^. Notice that the sum over representations in this equation is finite, as 
in (|2.20| ). The structure of the expansion in ( |5.2|) also implies the following sum rules. Fix 
a vector k and a half-integer j. Then, one has: 

J2 2 J2 XR{C{h/n))NR,,/r,,Ms + 1/2) = 0, (5.7) 

n\k 

when m = \k\ mod 2, and also when m = 0, 1, ■ ■ ■ , |/c| — 2 (for \k\ > 2). Njij/^^g is 
taken to be zero if j/n is not a half-integer. Notice that the sum in (|5.7| ) involves only a 
finite number of terms. The sum rules ( |5.7D encode the properties about the perturbative 
expansion of the connected vevs that we discussed above, in terms of the integers Nr^q^s- 
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6. Conclusions and open problems 

In this paper we liave presented strong evidence for the existence of new polynomial 
invariants, fn, whose integer coefficients Nr^q^s can be regarded as the solutions of certain 
enumerative problem in the context of string theory. These polynomials are labeled by 
irreducible representations of SU{N), and for the fundamental representation they corre- 
spond to the unnormalized HOMFLY polynomials. For other irreducible representations 
they have the form of the corresponding unnormalized ordinary polynomial invariants, 
plus a series of correction terms which involve representations whose associated Young 
tableaux have a lower number of boxes. Their existence would answer a basic question in 
knot theory which has remained open for many years: polynomial invariants, appropriately 
corrected, can indeed be regarded as generating functions. 

The evidence for the existence of the new polynomials is a consequence of the preci- 
sion test of the correspondence between Chern-Simons gauge theory and topological strings 
carried out in this paper. We have proved that one can in fact extract the string ampli- 
tudes from the Chern-Simons vevs following a recursive procedure. This makes possible to 
compute the integer invariants Nji^q^s starting from the Chern-Simons side. Using explicit 
results for torus knots, we have been able to give remarkable evidence for the predictions 
of [H, and we have also exploited the interplay between worldsheet and target results to 
give further checks of the string theory interpretation of Chern-Simons gauge theory. 

There are clearly two different avenues for future research. On the Chern-Simons 
side, it would be extremely interesting to extend these results to more general knots, n- 
component links, and/or other gauge groups. It would be also very interesting to explore 
in more detail the relations between the integers N^^q^s and the two other sets of inte- 
ger invariants of knots: the coefficients of the normalized polynomials, and the Vassiliev 
invariants. On the string side, the duality with Chern-Simons gauge theory opens the 
possibility of extracting information about open string instantons in the resolved conifold 
geometry. The procedure we have developed in this paper gives a very concrete strategy to 
compute the string amplitudes and obtain the relevant spectrum of BPS states associated 
to D2 branes ending on D4 branes. As a preliminary step, one should make more precise 
the geometry of the Lagrangian submanifold in the resolved geometry. We hope to report 
on these and other related issues in the near future. 
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Appendix A. The functions A) for £ = A 

In this appendix, we list the functions A) for representations with four boxes, in 
the case of the right-handed trefoil knot. The results are: 

f-S/2 

/^(t,A)= (-1+Af A^ {X-t) i-l + Xt) 

t2 —t 2 

(t^ {l+t + 2t'^ + f + 2t^ + 

- At(l + 3t + 6t2 + 9t^ + llt^ + llt^ 
+ 10t^ + 8f + 5t^ + 3t^ + 2t^^ + t") 

+ 2tV + + 2^10 + + + ^14) 
+ A^ (1 + 2t + + lOt^ + 18t^ + 19t^ 

+ 2At^ + 19f + 20t^ + lSt^ + 12t^° + + 5t^^ + 2t^^ + 2t^^) 

- X^t{l + 3t + 6t'^ + 10t^ + 13t'^+15t^ + 15t^ 

+ Uf + 12t^ + 10 f + 8t^^ + 6t^^ + 4t^2 + 2t^2 + 2t^^ + t^^)), 

J--9/2 

/™(^,A) = -^ -^(-1 + A)' A^ (l + t) (X-t) i-l + Xt) 

t 2 — t 2 

(^t^ (1 + t + + 1^) + A^ (1 + t + + t^f {l + t + 2f + t^) 

-Xt {1 + 3t + 5t'^ + 8t^ + It"^ + 6t^ + St^ + 2f) ^^2) 

+ X'^t'^ {l + t + St'^ + 2t^ + 3t^ + + 2t^ + t^) 

- X^ t {2 + At + 8t'^ + lOt^ + llt^ + lOf^ + 7 + 

+ 3t^ + t' + t'^)), 

4.-19/2 

fff,{t,X)=- — —i-i + xf X" (l + t) (X-t) i-l + Xt) 

t-2 —t 2 

(t^ (1+^ + ^2+^3) +^2^(1 ^^^^2 ^^3)2 ^^^2^2+^3 ^^4^ 

-Xt^ (2 + 3t + 6t^ + 7t^ + 8t^ + 5t^ + 3t^ + t^) ^^g^ 
+ A^ {t + 2t^ ^t"^ + 3t^ + 2t^ + 3t'^ + t^ + t^) 

- A^ (1 + 1 + 3t^ + + 7^4 ^ lOt^ + llt^ + lOt^ 
+ 8t^ + 4t^ + 2t^°)), 
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/g(t,A) = -t-6(-l + A)' (X-t) i-l + Xt) (l + t + t") 



-X^t{l + tf {l + t + t^ + t^ + t^)+X'^ {t + 2t^ + t'^ + 2t^ + t'^) 
+ X'^ {2 + 2t + 6t^ + 6t^ + Qt"^ + 6t^ + 6t^ + 2f + 2t^)), 



-Xt^{l + 2t + 3t'^ + bt^ + 8t^ + 10t^ + llt'^ + llf + 9t^ 
+ 6t9 + 3t^°+t^^)+A4(l + t2 + t3 + 2t4 + ^5 

+ 3t^ + 2f + At^ + 2t^ + 4t^° + 2t^^ + 3t^^ + t^^ + t^^) 
+ X'^t^{2 + 2t+5t^ + 6t^ + 12t'^ + 13t^ + 20t^ + 19f + 24 

+ 19^*^ + 18t^° + lOt^^ + 7t^^ + 2t^^ + t^^) - X^t{l + 2t + 2t^ + 4:t^ 
+ 6t^ + St^ + 10t^ + 12f+ Ut^ + 15t^ + 15t^^ + 13t" 

+10 +6 +3 +t^^)y 



(A.4) 



fn{t,X) 



t2 -t-2 



^(-1 + A)^ A^ (X-t) i-l + Xt) 



(t^ {l + 2t'^ + + 2t^ + t^ + t^) 
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